Within the proton ordering model with taking into account the short-range and long-range interactions as well as tunnelling effects, in the framework of the cluster approximation, we study the thermodynamic and static dielectric properties of the KH 2 PO 4 type ferroelectrics. Theoretical results are compared with the corresponding experimental data and with the results of theoretical calculations of other sources. We show that under the proper choice of the theory parameters, a very good quantitative description of the available experimental data is obtained for the temperature dependence of spontaneous polarization, specific heat, longitudinal and transverse static dielectric permittivities, as well for the Curie-Weiss temperature and constant. Suitability of the model for the description of experimental data for the crystals KH 2 PO 4 , RbH 2 PO 4 , KH 2 AsO 4 , RbH 2 AsO 4 without taking into account striction, fluctuations, and other effects is discussed.
Introduction
Since the discovery of the ferroelectric properties of the KH 2 PO 4 (KDP), this and isomorphic crystals attract a considerable interest of both theorists and experimentalists, mainly because of their relatively simple structure and special properties related to the system of hydrogen bonds. A noticeable peculiarity in the development of the physics of these crystals is a strong connection between theory and experiment which enabled a remarkable progress in understanding the microscopic properties of the crystals and in developing their theoretical models.
A proton ordering model for the theoretical description of the KDP type crystals was proposed by Blinc [1] . He considered a model based on the assumptions that protons move on hydrogen bonds in double well potential, and that the tunnelling effects are present. From these assumptions, de Gennes [2] proposed a pseudospin model that takes into account a quantum motion of protons on hydrogen bonds. This model has been later developed in a series of publications. Tokunaga and Matsubara [3] obtained the basic Hamiltonian from rather general principles, whereas Kobayashi [4] developed an adequate dynamic description of the phase transition. At the same time, Blinc and Svetina [5] , taking into account the proton tunnelling and, partially, the proton-lattice interaction, developed the cluster approximation for the free energy in the short-range interactions, with taking into account the long-range interactions within the mean field approximation. The authors reduced its calculation to numerical solution of a system of transcendent equations. Studies of the influence of the tunnelling integral and the other model parameters on polarization, specific heat, transition entropy, as well as on the order and temperature of the phase transition have shown that taking tunnelling into account improves an agreement between the theory and the experiment, as compared to a classical version of the model. Later [6] , possible types of proton ordering were found, conditions for their realization were formulated, and a key role of the long-range interactions in establishing an antipolarized state in the ND 4 D 2 PO 4 type antiferroelectrics was shown.
Vaks and Zinenko [7] attempted to analytically calculate the free energy obtained in the cluster approximation by Blinc and Svetina, restricting themselves to the first order expansion of eigenvalues in small parameters and making some approximations when solving the transcendent equations for the cluster parameters. However, such a method yielded a too large error (even near the transition temperature it was about 10% [8] ). Therefore, a poor agreement of the theoretical results with experimental data followed. Let us note that an important point in this paper is to discuss an unphysical behaviour of the tunnelling model at low temperatures [5] . Later in the paper [9] all crystals of the KDP type were studied using the previous results [7] .
Especially we would like to point to the paper by Vaks et al [8] , where a numerical investigation of the dependences of the thermodynamic characteristics of the KDP family ferroelectrics on the model parameters was performed within the cluster approximation. However, even though this paper was a certain summing up of the active studies of the proton model initiated by Blinc and Svetina, it does not give a comprehensive answer regarding all the resources of the model in describing the experimental data for the KDP type crystals. The same applies to the paper [10] , where the parameters obtained in [8] were corrected in order to improve a description of the experimental data for polarization in these crystals.
Expansion of the pseudospin model for the theoretical investigation of the transverse dielectric properties of the KDP type crystals was proposed by Havlin et al. in [11] [12] [13] [14] . It was shown that the mean field approximation does not provide a good agreement of the theoretically calculated transverse permittivity with the experimental one at temperatures below the transition point [11] , whereas a cluster approximation for the classical version of the pseudospin model (without tunnelling) yields fair results for describing of the dielectric properties of deuterated KD 2 PO 4 type crystals [13] but is not quite suitable for undeuterated KH 2 PO 4 type crystals [12] where the tunnelling effects should be taken into account. An attempt to take into account the tunnelling within the cluster approximation was made in [14] , where the transverse dielectric permittivity was calculated numerically from the self-consistency equations; however, the description of the experimental data was not satisfactory.
We should separately mention the papers [15] [16] [17] [18] [19] where it was shown that thermodynamic and dynamics properties of the KH 2 PO 4 (KDP), RbH 2 PO 4 (RDP), KH 2 AsO 4 (KDA), RbH 2 AsO 4 (RDA) crystals can be satisfactorily described within a classical version of the proton model, which corresponds to deuterated crystals.
Hence, it is generally accepted that the phase transition in the KDP type crystals is strongly related to proton ordering in double well potentials. Until the middle 80-ies, the proton model was an established basis for a description of the phase transition in the KDP. Doubts in its validity were raised by Raman scattering experiments in these crystals, because the soft mode coupled to proton motion was not revealed (see [20] [21] [22] ). In 1984 Tokunaga [23] proposed a new model of the phase transitions in the KDP crystals, according to which the ferroelectric transition results from ordering of the H 2 PO 4 dipoles. However, the elaboration level of this model is very low. Thus, it is still unclear whether it permits to quantitatively describe the peculiarities of static and dynamic characteristics of the crystals. Here it should be noted that in practical realization of such a model some complications arise, related to breaking the "ice rule" in the ordered phase (see [24] ). The data of [25] also do not support the idea about ordering of the H 2 PO 4 groups but rather give evidence for the proton ordering. Therefore, a model other than the proton model, which would agree with the light scattering experiments, pressure effects, and some other experimental facts, does not exist at the moment.
Our goal is a theoretical study and comparison with the experimental data of thermodynamic and static dielectric properties of undeuterated KDP type crystals within the proton ordering model with tunnelling and cluster approximation for the free energy. For this purpose, we use the theoretical results of our previous work [26] where the static dielectric susceptibility tensor was obtained theoretically for the first time, as well as the numerical method of an unambiguous setting of optimal values of the model parameters proposed therein.
The Hamiltonian. Four-particle cluster approximation
Let us consider a system of protons in KH 2 PO 4 type ferroelectrics, moving on the O-H...O-bonds that link PO 4 tetrahedra. The primitive cell of Bravais lattice consists of two neighbouring tetrahedra PO 4 along with four hydrogen bonds attached to one of them. The bonds attached to the other tetrahedron belong to the four nearest structural elements surrounding it (see figure 1 ). An effective Hamiltonian of proton subsystem of the KDP type ferroelectrics that takes into account short-range and long-range interactions as well as the effects of proton tunnelling has the following form [3, 5, 6 ]:
where the constant of interactions is related to the Slater-Takagi energies as [3, 5, 6] :
The fields Γ and C are
The cluster parameters η and ∆ are to be found from the free energy minimum condition [5] [6] [7] ∂f ∂η = ∂f ∂∆ = 0, which for the first order of cluster approximation is nothing but the condition of self-consistency [5, 6, 26] : the pseudospin mean values calculated with the cluster Hamiltonian and with the single-particle Hamiltonian
should coincide.
For subsequent calculations we need to find the eigenvalues of the Hamiltonians (2.3). For the single-particle Hamiltonian this task can be easily soft by rotation of quasispin operators
To find the eigenvalues of the four-particle Hamiltonian is a more complicated task. We should, first, perform a unitary transformation, taking into account the fact that its symmetry group is isomorphic to the point group D 4 in the ferroelectric phase and to D 4h in the paraelectric phase. After that, subtracting a constant, we obtain a matrix of the HamiltonianĤ 4 in the following form:
in the ferroelectric phase and
in the high-temperature phase (C = 0). Matrices (2.6) coincide with their analogs given in [7, 27] and are equivalent to the matrices found in [5] (coincide with those after a unitary transformation). The eigenvalues of the H 4 and H
Thermodynamics of the KDP type ferroelectrics
Let us consider now thermodynamic characteristics of the system. The free energy of the proton subsystem of the KH 2 PO 4 type ferroelectrics (2.2), with taking into account (2.5) and (2.8), can be written as
Differentiating the free energy, we obtain the entropy of proton subsystem
Unknown fields Γ and C, entering these expressions and containing the cluster fields ∆ and η, as well as the proton ordering parameter P , can be found from the following system of equations for X and P , obtained from the self-consistency condition and after the change of variables reduced to
where
Here we used the following notations
The derived expression for the specific heat is too cumbersome to be presented here. In numerical calculations it was obtained by numerical differentiation of entropy with respect to temperature.
It is known [28] that ferroelectric polarization of a KH 2 PO 4 type crystal is related to the proton ordering parameter P as
where v is the primitive cell volume, and µ z is an effective dipole moment along the ferroelectric axis z per hydrogen bond.
The condition of continuity of the free energy at the first order phase transition and the above system of equations (3.3) yield the system of equations for the transition temperature T c :
where all quantities are taken at T = T c .
Hence, in this section we obtain the major thermodynamic characteristics of the KH 2 PO 4 type ferroelectrics. To calculate these characteristics, one has to solve the system of two equations with unknown X and P and simultaneously to find the eigenvalues of the four-particle cluster Hamiltonian using one of the methods shown in the previous section.
Static dielectric permittivity
In this section we shall study the static dielectric properties of a proton subsystem of a ferroelectric KH 2 PO 4 type crystals. Details of the calculations are given in [26] ; in this paper we shall only consider the main ideas of the calculations and present the final results. Hence, let us place the crystal in a weak constant electric field E = (E x , E y , E z ). Hamiltonian of the proton subsystem then readŝ
whereV is the interaction of protons with the electric field E. HereĤ is the known Hamiltonian (2.1), whereasV describes interaction of protons with the electric field:
is the effective dipole moment of the f -th bond of a primitive cell. Its components obey the following relations
which result from the symmetry of the system of hydrogen bonds and from the character of proton ordering in the electric field [11] [12] [13] [14] . Taking into account the structure of the mean values of pseudospins in a macroscopic electric field
we obtain the following cluster and single-particle Hamiltonians:
whereĤ 4 is the known Hamiltonian (2.3),
whereas η f and ∆ f are field induced cluster fields; hence
We suppose the polarization P = (P x , P y , P z ) of a crystal is related to the mean values of the pseudospins as [11] [12] [13] [14] 26] :
Hence, to find tensor of static dielectric susceptibility
we need to find the derivatives P f α = dP f dEα E=0
, α = x, y, z, f = 1, 4. According to [26] , from the self-consistency condition (2.4) we obtain a system of equation for cluster fields η f and ∆ f which we reduce to the form (3.3), where the fields are explicitly expressed via the unknown X f and P f . The obtained system of equations is differentiated with respect to the field components E α ; then the limit E → 0 is performed. We get the following linear system of equations for the sought derivatives P f α :
Here we use the notations
, where E
i and E (2) i are the first and second order (in the fields η f and C f ) corrections to the eigenvalues E i , calculated within the perturbation theory. After solving this system of equations, we obtain the static dielectric susceptibility tensor [26] :
2) where δ αβ are the Cronecker symbols, α, β = x, y, z; the following notations are introduced:
In the high-temperature phase, the susceptibility tensor has a simpler form [26] :
3)
In their turn, U ij are components of the matrix H p 4 eigenvectors
Now we can easily obtain the static dielectric susceptibility tensor
Here ε α (∞, T ) is the high-frequency contribution to the susceptibility. From (4.3) an equation for the Curie-Weiss temperature T 0 follows:
Expanding (4πχ zz ) −1 in series in temperature near T 0 up to the linear terms, we obtain the Curie-Weiss constant C cw of the high-temperature phase:
(4.6)
Analytical calculations and thorough analysis performed in [26] show that our results for the Curie-Weiss temperature and constant are correct and do not agree with the results of [8] , perhaps because of mistakes or misprints in [8] .
In the limit Ω → 0, the obtained in [26] and presented here results for the components of static dielectric susceptibility tensor yield the corresponding formulas for the KD 2 PO 4 type crystals
where D = 4e −βw chβC + 2e −βε + e −βw 1 + ch2βC,
The longitudinal susceptibility χ [18] . In addition, the transverse components do agree at T > T c with the calculations of [29] but do not agree at T < T c because of the neglected in [29] intercluster correlations. Neglecting ν x and ν y from (4.7) we obtain the results of [12] [13] [14] [15] for the transverse susceptibility.
Hence, to calculate the components of static dielectric susceptibility tensor we need to find numerically the eigenvalues and eigenfunctions of the matrix (2.6), find corrections E (1) i and E (2) i , calculate the coefficients R f f 1 , M f f 1 , N f f 1 , and, finally, to calculate the tensor components, using the results of numerical solution of the system of equations for X and P .
Discussion
In this section we shall verify how the presented theory describes experimental data for thermodynamic and static dielectric characteristics of the KDP type ferroelectrics. Our main task is, using the fitting procedure proposed by us in [26] , to determine optimal values of the theory parameters for the RbH 2 PO 4 , KH 2 AsO 4 , RbH 2 AsO 4 crystals, which would provide a good quantitative agreement with the experiment, as we did in [26] for a KH 2 PO 4 crystal. We use the experimental data presented in table 1, as well as those shown in the figures below. For comparison, we also calculate the corresponding physical characteristics of the studied crystals using the values of the theory parameters given in other papers. The obtained optimal values of the theory parameters as well as those of other authors are presented in table 2. We would like to remind that the entire set of the model parameters -Ω, ε, w, ν z for each crystal was chosen such that the best agreement of theoretical and experimental results for the Curie T c and Curie-Weiss T 0 temperatures, temperature dependence of polarization P(T ), polarization jump P c = P(T c ), and saturation polarization P s = P(T s ) was obtained. Finally, from the found sets of the parameters we selected those providing the best fit to experimental temperature dependence of the proton contribution to the specific heat ∆C(T ), considering also an agreement with the experimental values of the transition entropy S c = S(T c + 0) and entropy jump at the transition point ∆S c = S(T c + 0) − S(T c − 0). The above quantities were calculated from equations (3.2), (3.3), (3.5), (3.6) and (4.5), whereas the specific heat was found by numerical differentiation of entropy (3.2) with respect to temperature. Then, the static dielectric characteristics were calculated with the thus obtained parameters. Experimental temperature dependence of the primitive cell volume of the crystals was approximated by the formula
where θ(T ) is the step function, whereas v andv are the cell volumes in the ferroelectric and paraelectric phases, presented in table 1. Such an approximation of the dependence v(T ) is rather good because of a weak temperature dependence of the lattice constants in these crystals [57, 59] . Due to the absence of the required experimental data, for KH 2 AsO 4 and RbH 2 AsO 4 we take v =v.
It should be noted that the fitting procedures in order to describe the phase transition and behaviour of the physical characteristics of the KDP type crystals were performed in several papers, two of which [8] and [10] are the most noteworthy. In the first one, a criterion for setting the theory parameters was to obtain an agreement of the theoretical values of ∆S(τ )/S c (S c = S(T c + 0), ∆S(τ ) = S c − S(τ ), τ = 1 − T /T c ) and the values for these quantities calculated from the experimental data for the specific heat. The utmost attention was paid to the temperature interval near T c (τ 0.005), where the error in the quantity ∆S(τ )/S c calculated from the experimental data for the specific heat is the smallest. Experimental data for temperature dependences of other physical characteristics of the KH 2 PO 4 family crystals in [8] were not studied. Later we shall estimate the efficiency of such an approach. In [10] some of the values of the theory parameters found in [8] were corrected in order to obtain a better theoretical description of polarization. The results of [10] will be also discussed later.
The efficiency of the approach to setting the theory parameters [26] used in the present paper is seen in figures 2, 3, 6 , and tables 1, 2. As one can see, the set of the model parameters for the KH 2 PO 4 crystal [26] (number 1 in table 2) provides [53] 0.377 [39] 2856 [10] 2924 [41] 2350 [39] 2580 [42] C cw , K 2925 [37] 3020 [54] 2700 [42] 2732 [46] 3000 [40] 3060 [35] 3100 [39] 3200 [34] 3200 [55] Choosing the values of the theory parameters for the RbH 2 PO 4 crystal, we took into account the experimental data of [9] (P c /P s = 0.30) and described the phase transition of the first but very close to the second order, using the experimental data for polarization [15] . Unfortunately, the experimental data for T c − T 0 for this crystal are not available; therefore, we can say nothing about the agreement with the experiment for this quantity. The results of the fitting procedure for the RbH 2 PO 4 crystal are shown in figures 2, 4 and in tables 1, 2. As one can see, the obtained set 7 provides a very good quantitative description of experimental data, overall better than the sets 8 and 9, even though the set 9 provides a fair agreement with the experimental specific heat as well. [33, 39] for polarization P(T ) of RbH 2 AsO 4 crystal takes place, because of the very different values of saturation polarization P s (see table 1 ). Since the saturation polarization in RbH 2 PO 4 is smaller than that in KH 2 PO 4 , we took for P s of RbH 2 AsO 4 the data of [39] and removed, thereby, the disagreement. As one should expect, for the obtained sets of the theory parameters 10 and 13 we have a very good agreement of theoretical and experimental results. It should be noted that the theoretical data obtained for the sets 11 and 12 provide a much worse description of experimental specific heat of KH 2 AsO 4 than the set 10. The theoretical curves calculated with the set 14 for the RbH 2 AsO 4 crystal accord with experiment fairly well, but worse than the results obtained with the set 13. We would like to mention that these values of the model parameters for the KH 2 AsO 4 and RbH 2 AsO 4 crystals were found using the experimental data for polarization, obtained in [33, 36, 39] from the approximate formula P(T )/P s = ∆S(T )/S c that corresponds to the Landau expansion of the free energy with only quadratic in polarization terms taken into account. Since here the clear first order phase transition takes place, we have some doubts about a high precision of these experimental data. Values of polarization obtained from the hysteresis loops or electrocaloric measurements would be more valuable.
Let us verify how the found values of the theory parameters in the present paper describe the quantity ∆S(τ )/S c -the criterion used in the fitting procedure proposed in [8] . As seen in figure 6 , for the KH 2 PO 4 and RbH 2 AsO 4 crystals the sets 1 T-T c , K •, •, , are data taken from [8] . and 13 of the model parameters found in this paper provide a better agreement with the experiment than the sets 2, 3, 14 (taken from [8] ) exactly in the required region. Our parameters 7 for the RbH 2 PO 4 crystal obey this criterion a little worse -a good agreement is obtained at 0.01 τ 0.05 (see figure 6) ; whereas for KH 2 AsO 4 parameters 10 do not obey the criterion at all (see figure 6 ). Taking into account the above facts and the presented results of theoretical calculations, we may conclude that the approach accepted in the present paper which uses direct experimental data is the most efficient and consistent approach that permits to find an optimal set of the model parameters.
Let us now explore the theoretical dependences of the dielectric characteristics of the crystals (4.4) using the above chosen values of the model parameters. For the high-frequency contribution to the permittivity, which as indicated by the results obtained in [16, 18, 61] is nearly temperature independent, we use a simple approximation
whereas the values of ε α (∞) andε α (∞) were determined by fitting the theoretical results to the experimental data for the permittivity. The longitudinal effective dipole momentμ z of the crystals was determined from the formula (4.6) for the CurieWeiss constant (the temperature derivatives were evaluated numerically as G(T 0 + 10 K)/10 K Figure 8 shows the theoretical description of experimental data for the transverse dielectric permittivity ε x (0, T ). Values of µ x , ε x (∞), andε x (∞) for each set of the model parameters (see table 2) were chosen such as to obtain the best fit to the experiment. There is also the parameter ν x , the increase of which raises up ε x (0, T c + 0) (see [26] ) and this fact was taken into account. From the figures we see that the error in the description of the experimental data does not exceed 2% at all temperatures except for the dome-shaped region near T c , where the error reaches 8%. The experimental data of [67] for the transverse permittivity of KH 2 PO 4 above the Curie temperature, for unknown reasons lie much lower than the data of [12, 15, 62] . Therefore, to obtain a good fit to the points of [67] , we need to use the values of µ x andε x (∞) rather smaller than those chosen before. For the crystals RbH 2 PO 4 and KH 2 AsO 4 , the values of the model parameters of [10] also provide a good agreement with the experiment. This proves that the dielectric characteristics cannot be a criterion for setting the model parameters Ω, ε, w, ν z . Data for the transverse permittivity of RbH 2 AsO 4 are not available; therefore we did not study it theoretically.
As mentioned in [5, 7, 68] , the cluster approximation for the proton model yields the unphysical behaviour of polarization and specific heat at low temperatures. The character of the low temperature behaviour of these and of dielectric characteristics was studied in [26, 69] , where we noted that with the increase of the tunnelling integral Ω, the unphysical behaviour emerges at higher temperatures. On decreasing the temperature, the unphysical behaviour manifests first in the free energy and entropy, then in polarization, specific heat and dielectric permittivity. At large tunnelling, the unphysical behaviour appears at 1-2 K above the temperature at which entropy changes its sign to a negative. In addition, the unphysical behaviour itself can have a character of the phase transition (see [69] ). As far as the unphysical behaviour of thermodynamic and dielectric characteristics for the other sets of the model parameters Ω, ε, w, ν z , ν x presented in table 2 is concerned, for polarization it appears below the temperature T s of polarization saturation (see table 2), whereas for the free energy and entropy it appears at 15-25 K higher [69] . We can assuredly maintain that for the found sets of the model parameters the region of physically incorrect behaviour of the system emerges at temperatures not higher than 40 K below the Curie temperature.
Conclusions
In this paper, the proton ordering model with tunnelling is used for a description of experimental thermodynamic and dielectric characteristics of ferroelectric KH 2 PO 4 , RbH 2 PO 4 , KH 2 AsO 4 , RbH 2 AsO 4 crystals. The proposed in [26] numerical method of an unambiguous setting of optimal values of the model parameters Ω, ε, w, ν z is applied for a theoretical investigation of the physical characteristics of all the KDP type crystals. The values of the model parameters, found using the experimental data for temperature dependences of polarization and specific heat, Curie and Curie-Weiss temperatures, transition entropy and entropy jump at the transition point, provide a good quantitative description of the longitudinal and transverse components of dielectric permittivity.
We obtained that for all the crystals, the model yields a very good quantitative agreement between experimental data and theoretical results. Therefore, we may conclude that the role of striction, correlations and other effects is not that essential as maintained in [7, 8] . The obtained results suggest that the tunnelling effects in the KH 2 PO 4 and RbH 2 PO 4 crystals are much more significant than in KH 2 AsO 4 or RbH 2 AsO 4 . Therefore, without taking into account tunnelling, the description of experimental data for KH 2 PO 4 and RbH 2 PO 4 cannot be very good.
Undoubtedly, it is interesting and necessary to expand the proton ordering model with tunnelling in order to describe the influence of lattice deformations, external fields, and other effects in undeuterated KDP type crystals, as it was done in [70] [71] [72] for deuterated DKDP type ferroelectrics. This will be a subject of our forthcoming studies.
